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Hong and Patel have described an efficient error-correcting code for 
magnetic tape, which has been successfully used on the IBM 6250 bits- 
per-inch nine-track magnetic tape units. This paper gives a simple descrip- 
tion of the code, without using Galois fields. 

I. INTRODUCTION 

The latest IBM tape units use §-in., nine-track tape with the very 
high density of 6250 bits per in. This is made possible, in part, by the 
use of an efficient error-correcting code, which can correct errors in 
one or two tracks. 

The code was described by Patel and Hong 1 (see also Ref. 2), and 
is a straightforward extension of earlier IBM codes (see Refs. 3 and 4). 
The purpose of this paper is to give a simple description of the code 
and its' many nice features, without using Galois fields. 

II. ENCODING 

A code-word consists of 72 bits arranged on the tape in a 9 X 8 
rectangle, as shown in Fig. 1. The ninth track is simply an overall 
parity check on the other eight tracks, i.e., it is equal to the modulo 
2 sum of the other eight tracks. The left-hand column of each code- 
word also consists of check bits. Thus 16 out of the 72 bits are checks 
and 56 are information bits. The rate or efficiency of the code is 56/72 
= 0.778. Data are read on and off the tape by vertical columns (Fig. 2). 
The tth column consists of eight bits (denoted by Bi) together with 
an overall parity check bit. B 7 ,B 6 , • • • , Bi are the information columns 
and are written on the tape in this order. Finally the check column 
Bo is written on the tape. B is chosen so that the code-word satisfies 
the vector equation 

B + TB X + T 2 B 2 + • • • + TB-, = 0, (1) 

157 







*- 


— 






8 










t 


' 


7 
















TRACK 1 | 




7 
















TRACK 2 / 




Z 


















1 


z 
















• / 


9 


) 


z 


















1 




z 
















J 


1 




z 
















TRACK 7 ( 


1 




z 
















TRACK 8 J 


* 




ZZ7ZZZZZ 


TRACK 9 | 



X 



^ CHECK BITS 

Fig. 1 — A code-word is a rectangle of 9 X 8 bits. 






where T is the matrix 
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Note the special shape of T : there are l's only below the main diagonal 
and in the last column. In fact, T describes the action of the linear 
feedback shift register shown in Fig. 3. If the contents of the register are 
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Fig. 2 — A code-word divided into eight columns. 
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Fig. 3 — A shift register which multiphes by T. 
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In other words, the effect of the shift register is to multiply its contents 
by T. [Another way of describing T is to say that T is the companion 
matrix of the polynomial 

g(x) = x s + x 5 + z 4 + x 3 + 1.] 

Encoding is now easily carried out with this shift register, as shown 
in Fig. 4. The seven column vectors of information, B^, B*, • • •, B h 
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Fig. 4 — Encoding circuit. 
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are fed into the register, which successively contains 

B 6 + TB 1} 

B b + TB 6 + T 2 B 7 , 



and finally 



TB X + T 2 B 2 + • • • + TB h 



which from eq. (1) is B , the check column that we wanted. Bo is then 
written directly on the tape (together with the overall parity check 
in track 9). 

III. DECODING 

When the code-word is read back from the tape, it may contain 
errors. Since the bit density in the horizontal direction is much greater 
than that in the vertical direction, the commonest type of error is a 
horizontal burst along a track. Often the erroneous tracks can be 
identified by a loss of signal in the tape-reading head, or by other elec- 
tronic indications. 

To describe the decoding process, some further notation is required. 
Let Z , Z\, • • ■, Z a be defined as in Fig. 5. The Z.'s are the horizontal 
slices of the same code- word we had before. The last row Z s is the overall 
parity check row, defined by 

Zg = Zo + • • • + Z-i 

or equivalently (all calculations are carried out modulo 2) : 

Zo + Z x + • • • + Z 7 + Z 8 = 0. (2) 



1 




Fig. 5 — A code-word divided into nine rows. 
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Of course the Z,-'s and B/a are related. If we write 

Zi = {Zio, Zn, • ' ', Zn), Bj = 
then 

*« = *« (3) 

are both names for the bit in position (i, j), ^ i, j ^ 7, of the top 
eight rows of the code word. 

The B/s must satisfy eq. (1). How does this constrain the Z.'s? 
The answer is a nice surprise : they must satisfy essentially the same 
equation, namely 

Zi + TZ[ + Z*Za + • • • + rz; - 0, (4) 

where the prime denotes transpose. This equation is derived in the 
appendix. 

Now suppose that errors have occurred, and the distorted vectors 

Zi = Zi + e i3 i = 0, ■ • • , 8 

have been read off the tape, where e, is the eight-bit error vector in the 
ith horizontal slice (or track). We wish to find the e.'s so that we can 
recover the original code-word using 

Zi = Zi + ei, i = 0, ■••,8. 

The decoder begins by computing the syndromes 

Si = Zi + Z[ + • • • + 2g 

and 

s 2 = zi + tz[ + • • • + tz; 

= B + TBi + • ■ • + TK 

From eqs. (2) and (4) we see that /Si and £ 2 are zero if there are no 
errors and, in general, give the "symptoms" of the errors. In fact, 

Si - f Z't + E e\ 

»'-« t=0 

8 , (5) 

= £ e t from (2), 
»-o 



and similarly 



S 2 = E Tbi. (6) 

t-0 
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Si is easily found : it is simply the sum of all the rows. £ 2 is obtained 
by feeding i? 7 , $6, ■ ■ • , Bo into the shift register of Fig. 4 as they are 
read off the tape. After fi has been fed in, by eq. (1) the register con- 
tains E'=o T&i = S*. 

After the decoder has found Si and # 2 , there are two ways of 
proceeding. 

Mode I. To correct an error in one track. 

Suppose the ith track is in error, and e, is the error vector in the ith 
track. The decoder knows [from eqs. (5) and (6) J 



Si = e\ 



and 



S 2 = 



T<e' t 




if ^ i ^ 7 
if i = 8, 



since »S 2 only involves tracks through 7. Thus Si tells us e,. To find *, 
we use jS 2 . If *S 2 = 0, i = 8. Otherwise S 2 is successively multiplied 
by T~ l until e\ is reached, and * is the number of multiplications 
required. A circuit which multiplies by T~ l is simply obtained by re- 
versing the direction of the arrows in Fig. 3 and is shown in Fig. 6. 
In Mode I, any error pattern which is confined to one track can be 
corrected, for a total of 1 + 9(2 8 — 1) = 2296 error patterns. 



Mode II. To correct errors in two tracks, if it is known which tracks are 
in error. 

Suppose it is known (for instance, by a loss of signal in the tape- 
reading head) that tracks i and j are in error, where i and j are known. 
Assume i < j. 

The decoder first finds 

Si - e' t + e'j 



and 



T<e' t + T^ if j g 7 
T'e', if j = 8. 
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Fig. 6 — A shift register which multiplies by T~ l . 
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We allow ej = 0, to include the case where only one track is in error. 
Solving these equations, we have 



e'i = Si + e'j 
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{T* + TtHTVSi + St) 


if y ^ 7 


e i = 


2*-*(TOi + S % ) 
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(i + r*-o-i(flii + t- 
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= ilf.-jOSi + T-'Si), 






Mij m j (/ + T^ 
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if y 


^ 7 
= 8 



where 



is a matrix which can be calculated in advance (and is written out in 
Ref. 1). Note that, if ; ^ 7, M{ ti only depends on j - i, so only eight 
different M's are required. 

Decoding in Mode II proceeds as follows. First, Si and S 2 are found. 
Then S 2 is multiplied i times by T~\ added to Si, and the sum is fed 
into a circuit which multiplies by M i%j to produce e' } . Then e< = Si + e' } . 
Finally the errors are corrected by adding e, to track i and e, to track j. 

Observe that in this mode the number of error patterns corrected 
is 2 8 -2 8 = 2 16 (for there are 2 8 possibilities each for e, and for e } ). On 
the other hand, there are exactly 2 8 -2 8 = 2 16 distinct syndromes. 
Therefore this code is optimal. 

IV. REMARKS 

(i) This description has neglected certain details of how the data 
are actually written on the tape — see Ref. 1 for further 
information. 
(m) A similar code exists for n-track tape, for any value of n. The 
code-words contain n(n — 1) bits, arranged in an n X (» — 1) 
rectangle. There are n 2 — Zn + 2 information bits and 2n — 2 
check bits in each code word, for an efficiency of (n — 2)/n. 
For example, the efficiency drops to 0.6 if n = 5. The code is 
constructed in exactly the same way, the only difference being 
in the matrix T. For n-track tape, T should be chosen to be the 
companion matrix of an irreducible polynomial g(x) of degree 
n - 1. The code will still correct in - l)-bit error patterns in 
one or two tracks. (There will be several different irreducible 
polynomials g(x) to choose from. Patel and Hong chose one 
which was symmetrical about the middle, had the lowest 
possible exponent, and contained the fewest terms.) 
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V. SUMMARY 

This paper describes the Patel-Hong code for nine-track tape. 
A code-word contains 72 bits, arranged in a 9 X 8 rectangle, with 56 
information bits and 16 check bits. Encoding and decoding can be 
done using fairly simple circuitry. There are two modes of decoding. 
In Mode I, any eight-bit error in any one track can be corrected (even 
if it is not known which track is in error). In Mode II, eight-bit errors 
in any two tracks can be corrected, provided it is known which tracks 
are in error. The generalization of this code to n-track tape is briefly 
described. 

APPENDIX 
Proof of Eq. (4) 

Define the column vector s (0) = (1,0, 0, 0, 0, 0, 0, 0)', and let 

s (.) = y. s (o) Then the jth column of T^'is s ( *'+'- 1) . Equation (1) can be 
written as 

(Bo) 



U,T,F, ...,2*] 



B, 



B, 



= 0. 



Taking the columns of the left-hand matrix in the order 1, 9, 17, • • •, 
57; 2, 10, 18, • • • and remembering eq. (3), we can rewrite the last 
equation as 

f£o] 



ZI,T,T*, ■■■,T2 



= 0. 



This is eq. (4). Q.E.D. 
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